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Abstract 

in 

\0 • We present the constraint for the discrete Moutard equation which gives the in- 

tegrable discretization of the Bianchi-Ernst system. We also derive the discrete 
analogue of the Bianchi transformation between solutions of such a system (the 
Darboux-Backlund transformation in soliton terminology). We finally obtain the 
superposition of discrete Bianchi transformations. 
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1 Introduction 



In his studies on isometric deformation of surfaces, Bianchi considered [1] the 
Moutard equation [2] 

N >uv = fN, (1) 

supplemented by the constraint 

N ■ N = U(u) + V(v), (2) 
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where N := (N , N±, N 2 ), "•" denotes the scalar product (Bianchi considered 
the case e = 1 only) 



A B := A B + e{A 1 B 1 + A 2 B 2 ), e = ±1 (3) 

and U(u), V(v) are given funtions of single variables. In the considered reduc- 
tion the function / can be given in terms of N and U(u), V(v) as follows 

N ■ N 

J U(u) + V(v) { ' 

Performing the following complex changes of the independent variables 

u = p + iz, v = p — iz, (5) 
and of the dependent ones 

Ni + iN 2 

e = 7^v r = N - N > ( 6 ) 

equations (l)-(2) are transformed into the following system 

(« + +&» +^ e,p +^ e« ) = 2f ((e,p ) 2 + ) 2 ) (7) 

^,pp+^ 2Z =0, e = ±l. 

In the the case e = — 1 the system (7) was considered by Ernst and describes 
axisymmetric stationary vacuum Einstein fields [3] as well as the interaction 
of gravitational waves [4]. Therefore we shall call the system (l)-(2) (or (7)) 
the Bianchi-Ernst system. 

The existence of the (Darboux-Backlund) transformation between solutions 
of the Bianchi-Ernst system (l)-(2) (and therefore its integrability) was estab- 
lished in [1]; for the interpretation of the Bianchi-Ernst system in the context 
of the modern soliton theory, see [5-12]. In the simplest case r = const the 
Bianchi-Ernst system reduces to the S 2 chiral system equivalent to the sine- 
Gordon equation. Therefore the Bianchi-Ernst system can also be interpreted 
as a non-isospectral integrable extension of a chiral model (a harmonic map 
or a nonlinear a model) see e.g. [13,9,14] and references therein. 

During the last few years the integrable discrete (difference) analogues of 
geometrically significant integrable differential equations have attracted con- 
siderable attention [15-18]. Indeed they represent the "building blocks" of 
a new discipline, the integrable Discrete Geometry, and are also potentially 
significant in a physical context. For example, the discrete analogue of the 
sine-Gordon equation (r = const), known as the Hirota equation [19], not 
only describes the discrete analogue of pseudospherical surfaces [20,21] and 
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of Chebyshev nets on a sphere [22], but also turns out to be relevant in the 
analysis of some solvable models of statistical mechanics and quantum field 
theory (see also [23,24] for other examples). 

In this Letter we introduce the integrable discrete analogue of the Bianchi- 
Ernst system (l)-(2), namely the system 

N {12) +N = F(N {1) + N {2) ), 
(JV (12) + N) ■ (N {1) + N {2) ) = U( mi ) + V(m 2 ), 

where subscripts in brackets denote shifts in the discrete variables mi and m 2 
(for details see the next section). The above system can be rewritten as the 
single nonlinear equation 

We also establish, in the spirit of Bianchi, the integrability of the system (8) 
obtaining: i) the Darboux-type transformation between solutions of the system 
and ii) the nonlinear superposition principle for the solutions. 

Remark 1 We consider in this paper the standard (in the continuous case) 
situation U(mi) + V(m 2 ) > only. 

The interesting geometric aspects of the results of this Letter are discussed 
in [30,27], in the framework of the theory of discrete asymptotic nets [28,29]. 
The relevance of the system (8) in the discrete theory of gravity (see [31] and 
references therein) is an open and, in our opinion, very important theoretical 
problem. 

The Letter is organized as follows. We first recall the necessary material con- 
cerning the discrete Moutard equation and its Darboux-type (discrete ana- 
logue of the Moutard) transformation [25,26,28,29]. Then we introduce the 
proper analogue of the constraint (2), which leads to the integrable reduction 
(8) of the discrete Moutard equation. In the next step we study consequences 
of such a constraint; in particular, we construct the corresponding reduction 
of the discrete Moutard transformation. Finally we show the permutability of 
the superposition of such transformations. 

This work, fully inspired and motivated by the results presented in [1], is ded- 
icated to the memory of L. Bianchi, an outstanding precursor of the modern 
theory of integrable systems. 
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2 The discrete Bianchi— Ernst system 



Consider the mapping N : Z 2 — > M 3 satisfying the discrete analogue of the 
Moutard equation [25] 

iV(i2) + iV = F(JV ( i) + JV (2) ), (10) 

where F : Z 2 — > R is a given scalar function of the discrete variables (mi, 7712) G 
Z 2 and JV( 1 )(mi,m 2 ) = N(mi + l,m 2 ), N^(mi,m 2 ) = N(mi,m 2 + 1), 
JV(i2)(mi, 7712) = N(mi + 1, m 2 + 1). Given [26] a scalar solution 9 of equation 
(10) 

e (12) + e = F(e (1) + e (2) ), (11) 

then the solution N' of the system of equations 



(N{ 1)T N) = ^-(N' T N (1) ) (12) 
(N{ 2) ±N) = -^(N'±N {2) ) (13) 
satisfies the Moutard equation (10) with transformed potential 

r = IfffiF. (Hi 

W t>(12) 



Remark 2 VFe consider [28,29] two possibilities of signs in the Moutard trans- 
formation in order: (i) to preserve the symmetry between the variables m\ and 
m 2 , and (ii) to reproduce the discrete Bianchi-Ernst equation in the superpo- 
sition formula (see Theorem 9 for details). 

The following Lemma can be checked using equations (10)-(13). 

Lemma 3 Denote by 

Y : = (JV (12) +JV).(JV (1) + JV (2) ), 
Y' :=(N{ 12) +N').(N{ 1)+ N{ 2) ), 
a := (N{ 1)T N)-(N' T N {1) ), 
b :=(N{ 2) ±N).(N'±N {2) ), 

where N and N' are connected by the discrete Moutard transformation (12)- 
(13), then the following identities holds 
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Y-Y> = F e U + e W (Y-a-b), (16) 

B(12) 



e 



Y-a-b (1) = F--^(Y-a-b), (17) 

W(12) 

y - a{2) -b = F^(Y -a-b). (18) 



e 



(12) 



The following important result is a straightforward consequence of the above 
Lemma. 

Theorem 4 If N and N' are connected by the discrete Moutard transforma- 
tion (12) -(13), then the condition 

(iV (12) + iV) • (N {1) + N {2) ) = (N{ 12) + N') ■ (N' {1) + N{ 2) ) (19) 

is equivalent to the following system of three equations 

(AT (12) + N) • (AT (1) + JV (2) ) = U( mi ) + V(m 2 ), (20) 
(AT' (1) =F A 7 ") • (AT T N W ) = U( mi ) T k, (21) 
(N{ 2) ± N) ■ (N' ± N {2) ) = V(m 2 ) ± fc, (22) 

where U(mi) and V(m 2 ) are functions of single variables only and k is a 
constant. 

Remark 5 Notice that the Moutard equation (10) subjected to the condition 
(20) is exactly the discrete Bianchi-Ernst system (8), moreover the potential 
F is of the form 

U{mi) + V(m 2 ) 



(N {1) + N {2) )-(N {1) +N {2) y 



In this paper we are going to show the integrability of the reduction (20) of the 
Moutard equation (10). Let us first derive some consequences of the condition 
(19). 

Denote by n = + N (we assume that n • n > 0) and choose a 

pair of unit (of length e) vectors, say rii and n 2 , such that {^4}a=o f° rm an 
orthogonal basis. Define functions x A , A = 0,1,2, as the coefficients of the 
decomposition of the vector 9 (2 A 7 "' =p A 7 "( 1 ) ± A 7 "( 2 )) in that basis, i.e, 

i ^ 
N' = -(±N {1) TN {2) ) + ^n A , (24) 
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where the summation convention holds. In virtue of the Moutard transforma- 
tion (12)-(13), the above equation can be rewritten as 

e (1) (AT (1) TN) + e (2) (JV' (2) ±N) = x A n A . (25) 

The scalar multiplication of both sides of equation (25) by N(i) + -TV (2) gives, 
due to conditions (20)-(22), 

_ T e { i ) (UTk)±e {2) (v±k) 
x ~ u + v ■ [lb) 

Let us introduce the rotation coefficients p A and q A by the unique decompo- 
sitions 

n A = p A n B{1) , n A = q A n B(2) . (27) 
The compatibility condition for the above system reads 

QcPa(2) = Pcdm =■ H E ■ (28) 

Inserting the expression (24) into the discrete Moutard transformation (12)- 
(13) and making use of the linear independence of the vectors n A , we obtain 
the following linear system of equations which the functions x A have to satisfy 



xf 2) =q A x B ±§eT(2q A -fye {2h 



4)=^T^e±(2^-^)0 (1) , 



where 5 A is the standard Kronecker symbol. 

Equations (29), (26) and (11) lead to the following linear system for the five 
unknowns (0, 6(1), ©(2), x 1 , x 2 ) 





( 


1 


0(1) 




bF-Y (1) (X±k p O- 


a m 


a (i) 


9(2) 


-1 


F 


x 1 


+ F 






V + F 





1 / \ 

^-^p8)=f^pS=f^ ©a) 

F 0(2) » 

±±pl p\ p\ x 1 

±H pi p\ ) V x2 J 

(30) 
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1 





F 





r /y+o o i \ 


6(2) 


6(2) 




?i 












y 



6(2) ^2 

fe 1 



0(1) 

0(2) 



n 2 
<?2 J 



(31) 



where, according to the notation of Lemma 3 and the reduction under consid- 
eration, 



Y =U(m 1 ) + V(m 2 ), a — U(mi) T k, b = V(m 2 )±k. 



(32) 



Finally, using formulas (12), (21), (24) and the orthogonality of the basis 
{^aJLoi one can derive the algebraic constraint satisfied by the functions 9, 

0(i), 6(2), x 1 , x 2 

e[{x'f + (* 2 ) 2 ] + |e 2 + FY (-£e (1) + ^0 (2) ) - 20 (a0 (1) + 66 (2) ) = 0; 

(33) 

the same constraint one obtains using, instead of equations (12), (21), equa- 
tions (13) and (22). 

We are ready now to present the main result of this paper. The following 
theorem gives the discrete analogue of the Bianchi transformation [1] between 
solutions of the discrete Bianchi-Ernst system (8) . This transformation allows 
one to find, using linear steps only, new solutions of the discrete Bianchi-Ernst 
system (8) from given ones. 

Theorem 6 Given a solution N of the Bianchi-Ernst system (8) and the e- 
unit vectors n 1; n 2 (i.e., ri\- ri\ = n\- n\ = e) orthogonal to ^V(i 2 ) + N =: n 
and to each other, then 

(1) The linear system (30)-(31), where F, Y, a, b are given by equations 
(23), (32), andpg, q^ are given by (27), is compatible. 

(2) The solution (0, 0(i), 0(2), x 1 , x 2 ) of the system (30)-(31) satisfies the 
constraint (33), provided that such a constraint is satisfied at the initial 
point. 
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(3) Given the solution (0,@(i),0 (2), x x ,x 2 ) of the system (30)-(31) satisfying 
the constraint (33), then N' , constructed via equation (24) with x° given 
by (26), is a new solution of the discrete Bianchi-Ernst system. 



PROOF. By direct, but tedious, verification. We list here only some useful 
identities. To prove point 1. one makes use of the following identity 

n o(i2) n 

~Ep + ~F = n o(i) + «0(2) , (34) 

-^(12) & 

valid for any solution N of the Moutard equation, from which one gets, via 
scalar multiplication by n (i2), no and n (i) — ^0(2), 

%) + <i))-^ 



F (12) 

R = -(U+V)S° A +lfi A F w (U ( i) +V)+g° A F {2) (U+V (2) ) , 35 x 

A {U{l)+V(2)) 
n _ n , 9g^(2)(t/+V(2))-p^(l)(^(l)+V)+^(l)(f/(l)+V)-^(2)(C/+^(2)) 

~ P0(2) "I" F(U (1) +V (2) ) 

To prove point 2. one makes use of a natural consequence of formulas (27) 
9 ac = VaPc9bd(i) = qAQc9BD(2), 9 ac ■= diag [(U + V)F, e, e] . (36) 

The proof of point 3. splits naturally into two parts. First, using point 1., we 
prove that such N' is related to N by the Moutard transformation (12)-(13) 
via the function 9. Then, using the constraint (33), we immediately check 
that N' is subjected to 

(AT (12) + N') ■ (N' {1) + N{ 2) ) = U( mi ) + V(m 2 ). □ (37) 



Remark 7 The parameter k, present in the linear system (30) -(31), is called 
the transformation parameter. 

Remark 8 The linear system (30) -(31) can also be interpreted as a nonstan- 
dard Lax pair (zero curvature representation) of the discrete Bianchi-Ernst 
system (8), with spectral parameter k. A more traditional Lax pair for system 
(8) will be presented in the forthcoming paper [27]. 

Finally, we present the superposition law associated with the transformation 
described in Theorem 6. The proof, omitted for the sake of brevity (it will be 
published in [32]), consists in proving that the discrete Bianchi constraint (20) 
is compatible with the superposition law of the discrete Moutard transforma- 
tions (12)-(13), given in [29,28]. 
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Theorem 9 Given a solution N of the Bianchi-Ernst system (8) and given 
two transforms of it (the upper index denotes the transformation!) : the upper- 
sign transform with the transformation parameter k 1 , and the lower-sign 
transform N^ 2 \ with the transformation parameter k 2 . Then there exists the 
unique solution iV*- 12 ** of the Bianchi-Ernst system, given in algebraic terms 
by 

iV(i2) = _ N + r ^ + A:2 m ^(iV« + N&), (38) 

which is simultaneously the lower-sign transform of , with the transfor- 
mation parameter k 2 , and the upper-sign transform of N^ 2 \ with the trans- 
formation parameter k 1 . 

Remark 10 Notice that the superposition formula (38) for the Bianchi-Ernst 
system (8) reproduces the Bianchi-Ernst system itself, after replacing the up- 
per transformation idices by the lower translation ones. 

Remark 11 Exactly like it was done in the continuous case [1,14] by taking 
N e R n the above considerations can be generalized to the multicomponent 
discrete Bianchi-Ernst system. 
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